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A method is established for the calculation of the trajectories of shocks moving
upward in the atmosphere, on the basis of the assumption that they are of the
self-propagating type. The results of calculations for self-similar motions are
given, and these are used to establish a propagation law based upon the con-
cepts of the Chisnell, Chester and Whitham (CCW) approximation. This propaga-
tion law enters a characteristics law based upon that proposed by Whitham,
but reformulated for the computation of axisymmetric shocks with varying
density.

An agymptotic self-preserving shock shape is investigated, and is computed
for the case y = 1'4. A parabolic approximation scheme suggested by the self-
preserving solution is developed, in which the solution near the axis is reduced
to the solution of a system of ordinary differential equations. Finally, the
governing equation for the general case without axial symmetry (but without
winds) is presented.

1. Introduction

One of the problems encountered in the study of strong explosions in the
lower atmosphere is that of computing an estimated time history of the shock
wave, in particular as it travels upward into the ionosphere. Greatly simplified
calculations (Kompaneets 1960; Andryankin ef al. 1962) indicate that a strong
explosion will ‘vent’ into the vacuum at infinite height within a finite time, and
this conclusion is reinforced by an accurate theory (Raizer 1964) for one-
dimensional strong shock propagation in an exponential atmosphere.

An explosion of moderate strength at moderately low altitude generally
reaches a stage at which the shock is weak and the propagation is close to acoustic.
The weakening of the shock to near-acoustic conditions is largely a consequence
of the geometric divergence of the propagation rays, with the attendant increase
in area of a ray tube. The parts of the shock wave that propagate upward pass
into regions of ever-decreasing density, and this effect results in a strengthening
of the shock. After the shock has traversed a couple of scale heights upward in
the atmosphere, this effect overrides that of geometric divergence, and the shock
can again become a strong one asymptotically. This strong shock must follow
approximately the laws given by Raizer (1964) with errors arising from the
non-uniformity of composition and scale height in the atmosphere and from the
three-dimensionality of the shock shape.
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We can distinguish two fairly distinet cases: (i) the case of a sufficiently weak
explosion at sufficiently low altitude, and (ii) the case of a sufficiently strong
explosion at sufficiently high altitude. In case (i) the propagation mechanism is
basically that of Raizer; no material from the heart of the explosion is vented
into space, and the main result of the venting of the shock surface into space is
the establishment of a current of heated air upward. In case (ii) the propagation
mechanism is basically that of Kompaneets and Andryankin ef al., with obvious
adjustments for the limitations of the models; the bulk of the material from the
heart of the explosion is vented into space in this case. In the present report we
are concerned exclusively with case (i).

The aim of this report is to establish a computation scheme for upward-
travelling shocks from explosions in case (i). A direct hydrodynamic calculation
is not very attractive, because such a calculation would be three-dimensional
(two space dimensions plus time). We wish a simpler scheme, but one of satis-
factory engineering accuracy.

The shocks going upward are of the ‘self-propagating’ type after they have
travelled far enough from the centre of the explosion to be accelerating. A shock
is ‘self-propagating’ when its propagation is governed primarily by changes in
the ray tube area and the gas state in front of the shock and is insensitive to
conditions behind the shock. Such a self-propagating shock is characterized by
the fact that a disturbance located farther than a certain critical distance (which
should not be too great) behind the shock never catches up with the shock. Such
a shock is also generally characterized by the fact that it is accelerating. In the
more general non-self-propagating case, a shock may be influenced by any
disturbance behind it.

An attractive approximation for the law governing self-propagating shocks is
the CCW approximation, developed by Chisnell (1955, 1957), Chester (1954,
1960), and Whitham (1958). This approximation corresponds to applying to
large changes in ray tube area or in the gas state in front of the shock the rule
obtained by integrating the rule for infinitesimal changes. The error lies in the
neglect of all information from behind the shock, whether this be reflexion of
waves emitted from the shock or boundary conditions imposed in the downstream
region, Whitham’s rule for the approximation is that conditions on following
characteristics (catching up with the shock) are to be applied immediately
behind the shock itself, on the shock trajectory.

The agreement shown between the CCW approximation and precise calcula-
tions for implosions in a perfect gas has been so excellent as to be almost uncanny.
For spherical imploding shocks and y = £ or §, the agreement of the character-
istic exponent is within 0-19,. This agreement suggests that the approximation
might work well also for density changes as well as for area changes. Accurate
numerical results (Raizer 1964 and Hayes 1968) show that this is not generally
the case. With an exponential density distribution, the CCW approximation
gives values of the characteristic exponent that are in error by about 159%,.
With a power-law density distribution (Sakurai 1960) the error is less.

What is suggested in place of the CCW law is a shock propagation law of the
form suggested by the CCW approximation, but with exponents taken from
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accurate calculations of self-similar motions. The basic assumption in such a
procedure is that of local similarity, an assumption long used in other approxi-
mate hydrodynamic calculations, particularly for boundary layers. Physically,
this assumption should be better for self-propagating shocks than for boundary
layers. The shock-propagation law may be simplified on a semi-empirical basis,
provided it clearly reduces to correct form in certain limiting cases. These
limiting cases must include the acoustic case and the strong shock case.

Once a satisfactory propagation law has been established, a spatial (axi-
symmetric or three-dimensional) calculation may be undertaken. The approach
to be used is a modification of that of Whitham (1957, 1959), or an extension of
that of Hayes (1963) for linear propagation. The essential feature here is that the
geometry of the propagating shock governs the area changes in the ray tubes.
These in turn govern or strongly influence the velocity history of the shock on
each ray, and this history in turn governs the geometry of the propagating shock
wave as a whole. Whitham has shown that the propagation law gives a definite
velocity of lateral propagation of a disturbance along the shock surface, and this
effect must be taken into account in any calculational scheme. In the present
problem, only axisymmetric geometries are considered, and the final compu-
tation scheme is two-dimensional. The lateral disturbance propagation indicates
real characteristics, and the mathematical system is hyperbolic. Either a proper
characteristics method should be established, or a second-order derivative
scheme that takes the existence of the characteristics into account and is stable.

Initial conditions must be taken so that the shock is initially of the self-
propagating type. This requires that the results of an explosion calculation be
available, in which the calculation has been carried out far enough that an
appreciable part of the upper part of the shock has started to accelerate (because
of the decreasing density upward).

We summarize the procedure as follows: (i) establish sufficient exact results
for self-similar motions to serve as the basis for a shock-propagation law (Hayes
1968); (ii) establish a satisfactory shock-propagation law; (iii) establish a scheme
for the calculation of axisymmetric shocks; (iv) apply the scheme to cases of
interest, starting with an established shock of the self-propagating type.

We make a number of simplifying assumptions, primarily that there is no
wind and that the gas is everywhere a calorically perfect gas. Neglected, of
course, are any MHD or plasma effects.

2. Results for self-similar motions
The shock-propagation law desired is of the form
au  M2-1

dp
5 = g |- KQLENY) 2.1)
(in simplified form), where U is the velocity of propagation of the shock, p is
the density in front of the shock, and M = U/a, is the Mach number of the
shock (in front of the shock). The quantity

_pdd
k—A@ (2.2)
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is a dimensionless ratio of area change to density change. If K is linear in £,
with

K=K,+Kk, (2.3)
the law would take the form
aU M2-1 dp .. d4
7 = —_EM_z{K0;+A17=' (2.4:)
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Ficure 1. Dependence of K, and K, on 7.

This form is consistent with that given by the CCW approximation.
Self-similar solutions with strong shocks (M — o0) have been studied (Hayes
1968), with density and area following the laws

p = poe?, (2.5a)

A = A4, e7% (2.5b)

where z is the altitude. In these cases the shocks do follow a law corresponding
to (2.1), QQ _ _;K(k)@
U z p’

The results for K, = K(0) are given in figure 1, together with results for
K, = K'(0) and, for comparison, the corresponding values given by the CCW
approximation. The plot is against the parameter v, but plotted so that the
scale is proportional to 2/(v —1). This choice yields smoother curves.

In figure 2 the variation of K with k is shown for the case y = 1-4, with parts
of the corresponding curves for other values of v, and the straight line 0-394
(1 + k) which is expected to be an asymptote for large k. It will be observed that
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the curve for y = 1-4 is very close to a straight line. This observation supports
the correctness of putting the strong-shock law into the form of (2.4).
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FicUrE 2. Dependence of K on k.

3. Propagation law

The propagation law for the shock wave is a law that gives changes in the
velocity of the shock U under the assumption that these result only from changes
in the density p in front of the shock, the area 4 of a ray tube, the undisturbed
speed of sound a, and the quantity 4(y+1) for the gas. For simplicity the
undisturbed gas is assumed to be at rest, with no winds. The parameters involved
include parameters describing the relative magnitude of the various effects
(such as the parameter & in (2.1)), plus the Mach number M = Ula,,.

The various effects are assumed to be independent, so that the respective
terms may be separated (as in (2.4)). This separation leaves M (with v, of course)
as the basic parameter of the propagation law. This law must serve for almost
acoustic waves as well as for strong shock waves, over the range of M from 1 to oo.

In the acoustic range, pu?da,, is an invariant, and represents the flux of
acoustic energy in a ray tube. Here u is the disturbance velocity, connected
with U through the relation

1 1 \2}
U=1+—u+[ai,+(7iu) ] (3.1)
4 4
for a perfect gas. From the invariance of pu?4a.,, we have

du_ _1dp 1dA_1da, 2
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while from (3.1) we have

@__d(y+1)+M2+1dU 2  da,

v  y+l "M2-1U M:—-1a,’ (3.3)

This gives the quasi-acoustic propagation law
dU M:—1( 1dp 1d4 d(y+1)+1 4 1) %4 54
U M2+1\ 2p 24 y+1 2M2—1_)_:' (3.4)

This law may be altered by replacing 1 by M?in the coefficients without changing
it essentially, except that the combination M2—1 may not be changed.
For a strong shock, with area 4 held constant, the CCW procedure yields

2y \¥1dU dp [ ( 2y )1}] [d(y-i— 1) 2 da

=7 e = 1 7
[2+<7’~1) ] u p+[ Ty y+1 -1 aw] (-5
with the a, term included approximately. As we have indicated, the CCW
coefficient for density change we replace by that given by the self-similar analysis.

We replace the ratio [ ( 2y )1}][ ( 2y )1}]—1
1+ — 24 |—=
y—1 v—1

by £, on the basis that the ratio is not too trustworthy except as giving an order
of magnitude, and this order of magnitude is given as well by . We thus get a
strong-shock propagation law
au 1 . dp dA 3[d(y+1) 2 da,
S R e et | (3.6)
For a general Mach number, we need Ky (M) and K, (M) in a law of the form
of (2.4), with these parameters taking the values } at M = 1. Here again we
return to the CCW results for a guide, in lieu of much more extensive calculations
of self-similar solutions. From figure 2 of Whitham (1957), an excellent fit is
obtained through the relation

K, (M)=K,+(F—-K,) M2 (3.7)

This law for Mach number dependency is applied to our K,, and also to our K.
For the other coefficient, a fit between quasi-acoustic and strong-shock results
is obtained by replacing the — 1 following 4/(M?*—1) in (3.4) by — M2,

The resulting propagation law reads
au  M2-1 d, d4
=T |- Ko+ G- K M1 - (K, + - K M

SM24+1 [d(y+1) 2 dag
S| et I as) 49

This law has the correct form for both the quasi-acoustic and strong-shock cases,
and the behaviour of the coefficients for intermediate Mach number is close to
what may be expected on the basis of available information.

How should the law be applied best if the gas is not a perfect gas? The para-
meter y enters (3.8) in two ways, as a parameter determining K, and K, and as
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a variable in the expression d(y+ 1)/(y +1). In both ways the effect is small in
the quasi-acoustic range and appreciable only with M%—1 appreciable. In the
effect of v as a parameter, the key quantity is the limiting Mach number behind

a strong shock
3 B ,.y_ 1 *
- (%) 9
for a perfect gas. If desired, a y for the purpose of estimating K, and K, could be
obtained through (3.9) after calculating M, from

2 _ _ €umPs
Mo = (1—€1ym)p5 a2 (3.10)

with sub s denoting conditions behind the actual shock, and

DslPs
€lm = i———. 3.11
lm h’s +e, ( )
In the effect of (y + 1) as a variable, its function is through the relation

2

1—€nm = m (3.12)
for a perfect gas. Thus we should replace y+ 1 by
y+1=%+1 (3.13)
8

for the purpose of simulating the effect of this variable.
In the sequel, the quantities p, a,, and y + 1 are considered to be functions of
the altitude z alone. The quantity

- (3.14)
is the inverse of the classical scale height in the atmosphere, itself a function of 2.

For the purpose of simplifying the form of the propagation law, we introduce
the following notation:

ﬂzzw[jg +(3—-K,) M- (3.15)
2Mz 1 2 1 ’ .
M2-1 s
F(M,z) = ST [Ko+ (3 —Ko) M2]8
3M2+1 [ 1 d(y+1) 2 da,
+2(M2+1)[‘y+1 dz M2-1a.dz]]" (3.16)
The propagation law then takes the form
avu a4
el Dt
7 W +Fdz (3.17)

in our layered atmosphere. The quantity u(M,z) will represent a characteristic
slope in the sequel.

4. Axisymmetric calculation

Our problem is the establishment of a calculation procedure for the propaga-
tion of an axisymmetric shock of self-propagating type upward in the atmo-
sphere. This procedure may be of one of three types: (i) a direct calculation based

21-2
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upon the approach of Hayes (1963) in which the ray tube divergence D is calcu-
lated along ray tubes. This approach does not directly utilize the characteristics
noted by Whitham (1957), and is not chosen. (ii) A direct characteristics calcula-
tion based upon the work of Whitham (1957), with appropriate modifications
to take the axial symmetry and varying density into account. This approach
seems to be the simplest and most direct. (iii) A calculation using the time ¢ as

Fi1cure 3. Shock geometry.

the basic dependent variable, using a second-order hyperbolic partial differential
equation in the two space co-ordinates, following Whitham (1959) with appro-
priate modifications. This approach is not chosen, but is outlined in §7.

A ray is a normal trajectory (with no winds) to the family of shock surfaces.
The inclination of a ray with the vertical, or of the shock surface with the horizon-
tal, is denoted & (see figure 3).

The curvature K of a ray obeys the law (Hayes 1963, equation (4.9); or
Whitham 1957, equation (6))

V.U 10U
In the axisymmetric case, we have
o0 18U
—_— — 9
v~ U’ (+2)

where 0/0t is a time derivative along a ray, and 9/0l is an instantaneous tangential
derivative along the shock profile; €;in (4.1) is a unit vector tangent to the shock.

The divergence tensor D is a 2-2 tensor in the shock surface, essentially the
curvature tensor for the surface. This quantity obeys the law

oD 1
W+D.D=_ﬁvtVtU (4.3)
(Hayes 1963, equations (5.3) and (5.4)), while the area change along a ray tube
is given by
14 _ oD (4.4)

AUst
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(Hayes 1963, equation (5.2)). In the axisymmetric case the natural axes are
the principal axes for D, which then has principal components

diagD = {D, s‘—‘:‘?} (4.5)
in cylindrical co-ordinates (r,z), with
00 dsin @
D=—=222" (4.6)
The formula for area change, equation (4.4), then reads
124 =8_¢9+sin0=dsin0+sin0 (4.7)

AUt al r dr r

(compare Whitham 1957, equation (5)).

In our chosen approach (ii) we do not use (4.3), but instead combine (4.2) and
(4.7) to obtain characteristic equations. We multiply (4.7) by x2Udt and elimi-
nate d In A/U d¢ by means of the propagation law (3.17). We multiply (4.2) by
dl, and add. The result is

olnU olnU 00 o 00 ,8ind _

Uet

in which the relation ¢z/Udt = cos & has been used. The characteristics are the
directions along which the partial derivatives in (4.8) may be replaced by
ordinary differentials. They are given by

dl
Tai—- (4.9)
for which (4.8) gives the characteristic relations
dani—d0+j—b(ﬂ2¥—Fcos0)Udt= 0. (4.10)

In this analysis I has essentially the function of an intrinsic co-ordinate, not of
a co-ordinate in physical space. The differential di is equivalent to Whitham’s
Adp, where f is a co-ordinate specifying the ray. Whitham’s 4 is a ray tube
area in the planar case he treats, and acts as a metric coefficient; its use is avoided
in our analysis.

In applying the characteristic relations to a problem, adequate initial condi-
tions specifying U and @ for a given initial shock shape must be given. As men-
tioned before, the shock initially should be known to be of the self-propagating
type. Boundary conditions are two in number. One boundary condition is
really a regularity condition, and is simply that

=0 on r=0. (4.11)

The other condition is imposed at the shoulder of the shock, and should be chosen
in such a way that it interferes the least with the development of the shock over
its main central portion. It is possible that ‘shock-shocks’ (Whitham 1957) may
appear near the shock shoulder.
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The calculation is analogous to that for an axisymmetric steady potential
gas flow with sources (corresponding to the F term). Individual rays need not
be kept identified, as no property is convected directly along rays. Rays may be
obtained subsequently by integrating dr/dz = tan . Analogously, it is not neces-
sary to keep track of shock shape or of the time £. Shock shapes may be obtained
by integrating dz/dr = —tan 6, or by calculating time and exhibiting constant-
time surfaces.

Characteristic calculations using (4.10) have not as yet been carried out. We
turn next to the study of a particular self-similar solution and of an approximate
scheme suggested by the self-similar solution.

5. Self-similar shock shapes

A plane shock moving upward in the atmosphere may readily be shown to be
unstable, so that planar shocks cannot exist. The question naturally arises as
to whether curved shock shapes of stationary form exist, which can then be
expected to represent the asymptotic shape of actual shocks in an exponential
atmosphere. These have been investigated under the assumption that the shape
is axisymmetric.

The co-ordinates z and r are defined as before, and the co-ordinate x is directed
downward from the vertex (or apex) of the shock. The upward velocity of the
entire shock shape is U, (f). The moving co-ordinate x is thus given by

z = [Gydt -z (6.1)
With the strong-shock approximation, 42 = }K; and F' = 1K f. The parameters
(y+1) and £ are considered constant. From (4.7) and (3.17) we have

dsinf siné dan 1
_K( dr +T)_ Ta T “ﬂUdt

The quantity dz/U dt is replaced by cos 6. The normal velocity of the shock U is
given by

(5.2)

U= Ujcost (5.3)
while the quantity ?5.13; a1 (5.4)

is assumed constant. This assumption is suggested by the solutions of the
preceding paper of Hayes (1968).
The result of substituting (5.3) and (5.4) into (5.2) with the relation

dr = sin U dt, (5.5)
is the ordinary differential equation

3K —tanzﬁdtan0+1K tan0 1
1+tan28 dpfr L pr

K +a}(1+tan2d) = 0. (5.6)

The boundary condition at fr = 0 is that tan & = 0 there, and that the solution
be regular. There is a critical point at tan8 = (}K,)}, and the second boundary
condition is that the solution pass through a saddle point there. This condition
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determines the correct value of a. Solutions that do not pass through a saddle
point do not have both fr and tan § increasing monotonically.
This equation has been solved numerically for the case

y = 1-4, with 1K, =0-207 and 3K, = 0-183.

2r 05 I T T
Critical point
041 y=14 §
«'=01269
0-3—- o8 .
> 2
X1rg >
0-2r Critical point
01 Limiting |
characteristic
ot I
0 1 2 3

pr
Fi1cUure 4. Self-similar shock shape (y = 1-4).

Tt was found that ="' = 0-1269 for this case. The self-similar shape obtained is
given in figure 4, with fz obtained from the relation

gﬁ—: = tan 6. (5.7
It turns out to be close to a paraboloid of revolution. This observation is exploited
in the following section.

This calculation confirms the existence of such shapes, and gives us some
idea of the extent of initial data needed in a complete characteristics calculation.
Initial data should be available to tan @ = 0-6 (or to fr ~ 4), at least.

The eritical point is to be interpreted as corresponding to a limiting character-
istic that is vertical. All characteristics from any part of the shock outboard of
the critical point go farther away from the centre. From any point inboard of
the critical point, one characteristic moves toward the centre and eventually
intersects the axis r = 0.

6. Parabolic approximation

The closeness of the computed profile of figure 4 to a parabola suggests the
possibility of a further simplification. The substitution

tan@ = Cpr (6.1)
in (5.6) is made. At 6 = 0 we obtain the condition

a1l = 3K,-K,C. (6.2)
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With €' equal to d tan 6/dfr at 6 = 0 this condition holds in general. To evaluate
C we require (5.6) with (6.1) to hold at the critical point, at tan26 = 1K,. With
(6.2) we obtain

C=al, (6.3)
1K
-1 _ _ 270
and then at=q o (6.4)

In the numerical example considered above this formula yields a~! = 0-1294,
with an error of 29, from the computed value of 0-1269.

We are led to inquire as to why this very simple calculation gives such a close
result for the propagation constant. One reason is that the parameter 1K, = 0-207
is appreciably smaller than unity. The suggestion is that (6.1) represents a power
series truncated at one term, and that the smallness of 1K, should be used in
justifying the truncation.

Simply expanding (5.6) in powers of tan 6 and substituting (6.1) leads to a
formula different from (6.4), yielding «~! = 0-1362, with an error of 79,. Thus
the key to the close result must lie in the particular choice of the method of
accomplishing the truncation, with the second condition one applied at or near
the critical point. We next develop a method for the general case based upon this
idea.

The shock shape is assumed to be given by

z = zy(t) — 32, (£)7%, (6.5)
and the slope accordingly by

dz
tan g = o " z. (). (6.6)
The quantity 2, has the dimensions of inverse distance, and is identified as
Cf in the approximation (6.1) for the self-preserving solution. From (4.7) we
obtain the area derivative

1
Z% = (1 + cos20)z, cos b, (6.7)
with ¢ indicating differentials along a ray. We have also
or . . Oz
T = Sin 0; Tai = 8 0. (6.8)

The propagation velocity of the shock is obtained by differentiating (6.5)

along a ray. The result is U = (24— 32,12) cos 0, (6.9)

for which (5.3) represents a special case. We differentiate (6.9) along a ray, to

obtain

%% = —é(z{{—%—z’{rz—zirUsinﬁ) cosf —sin@cosf(z17+2,Usinf). (6.10)

In obtaining (6.10), the derivative of (6.6) along a ray was used.
The shock propagation law (3.17) is now invoked, with the result

20 —32172—22;7U sin 0 —2, U28in20 = — u?(1 +cos20)z, U2+ FU2 (6.11)
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At @ = 0 this yields the equation
2o = (Fy— 24521)76%, (6.12)

which can be identified with (6.2) by identifying z;/2;2 as fa~! through (5.4).
In (6.12), u, and F, designate the quantities z and F evaluated at (z,7) = (2, 0).
If 2, can be considered as a known function of z, and z,, the solution of (6.12)
gives the shock trajectory directly.

To carry out the truncation, we intend to satisfy (6.11) approximately at
tan 6 = u,. Satisfying (6.11) exactly at tan & = x, leads to

12_;+22_1(6_zif;%)( 1 Z_Fg)_lz_iz &
223 2z 422

T+ #3281+
F p2—ud\ (2+13\  (F-F,
U2z, (14248 —=2) — 0 0 o)} —
~of (o) = (i) () + ()| -0 09
obtained by subtracting (6.11) from (6.12). To simplify this expression, we neglect

2y #3[232z, in comparison with unity, and drop the factor U?/z;%. The terms in
12— ps and F — F, we replace by terms obtained from Taylor series. We obtain

thereby "
| A F F
49 1“0 1__0_ rg 2_ =0
2z§+ 2 ( 22, Tt +20 z

du? ar
Y 12 -
2% (dtan20)0+z° (dtanzﬁ)o_ 0. (6.14)

From either (6.13) or (6.14), if z; = 0 and 42 and F are constant, we obtain

N
L+ 2uf

(6.15)

Together with (6.12) this gives 25/2,2 = z,, the same result as that of (6.3) and
(6.4). Thus the approximate calculation for the self-preserving solution is in
accord with our more general parabolic truncation.

The quantities g2 and F are both functions of M and z. We may write

(l au \ _ _1(, &

Udtan26/, 2 +ﬁx) (819

from (6.9), and dz 1 6.17
dtan26 2z, @4

from (6.5) and (6.6). We then have

( dF )_(Mg) (l au ) (g_ oF day)  dz
dtan26/,” \" oM /,\Udtan26), \ oz M a.dz) ,dtan? 6

! G oF\ 1 (aF . oF da
= —— 11 it v R i oF w
2( +262%) (MaM)0+2z1(az M@Mamdz)o' (6.18)

Similarly, we express

du? 1 2 ou? 1 [ou? op? day
(dtanze)o~ z(“z;,z;)(Mm)ﬁzz(a‘l”mamdz)- (6.19)
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These expressions are to be substituted into (6.14). The two equations (6.12) and
(6.14) form a fourth-order ordinary differential system for calculating the func-
tions z,(t) and 2, (). Initial data must include initial values of z,, 2,2, and z;.
A very rough perturbation analysis of (6.14) in the strong shock range, with
43 dropped in comparison with unity and z,(t) unperturbed, leads to a solution

of the form 82, = A e%Fo 4 Be—2aFo, (6.20)

This shows that the relaxation distance for a shock trajectory with respect to
the approach of z; to its asymptotic valueis of the order of F;1, or of the order of
6 scale heights.

7. General case

In the general case, without axial symmetry, we must follow a procedure of
type (iii) (as discussed at the beginning of §4). For completeness, we outline
this procedure here.

The time t(z,y,2) is chosen as the primary dependent variable. The surfaces
of constant ¢ are the wave fronts, for which the normal vector is

A%

n= W—tl. (7.1)
The area integral is given (cf. (4¢.4)) by
104 _ _vE 1 o (VR

The velocity U is simply equal to |Vt|~!, and the derivative along the ray is
19U 1 (Vt)

The derivative 0z/dn is given by
0z otfoz
%—_cosﬁ—n R—W (7.4)

We now invoke the propagation law (3.17), and multiply through by |Vi|.
The result is the hyperbolic differential equation

1+ p? (Vt) ot
OB Vi-V—~-=F o (7.5)
The Mach number M, on which #? and F depend, is given simply by
1 ) 1
M= [(w)zazo] = Ve, (76)

Equation (7.5) is closely analogous to the potential equation for three-dimen-
sional steady supersonic flow. An essential difference is that (7.5) includes a
source term, the one in F. For more details on the analogy (without the source
term) see Whitham (1959). The equivalent ‘Mach’ cone angle, as expected, is
simply tan—tu. The quantity here which is analogous to the irrotational velocity
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vector in steady supersonic flow is the inverse velocity vector Vi = U~ln. The
quantity here which is analogous to the square of the speed of sound is

pAVER(1+ p2) = p?|(1+p®) U2

The quantity which is analogous to the square of the steady flow Mach number
is 1442,

This work was performed with the support of the U.S. Office of Naval Research,
under Contract Nonr. 4913 (00), ARPA Order 215.
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